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1. - In troduction . 

~olid helium C') has recently been used as a pressure-transmitting medium 
ill exprriments to find out how the electrical resistance of metals at 10,\' tern­
pt'ratUl'es changes under pressure [1,2]. The method employed was to apply the 
pressure at such a temperature that the helium was fluid and then to cool the 
homb, containing the specimcn and the helium, under conditions of constant 
\'o!lIme to the desired low temperature. By knowing the equation of state 
IIf solid helium the final pressure could be deduced (+). For the pressures so 
far used (up to 3000 atmospheres) the equation of state of the solid as de­
tnmincd experiment,\lly by DUGDALE and S:mox [3] is sufficient, but if the 
I'rl'~sure range is to be extended, more information on the equation of state 
i~ Heeded. The recent measurements of STEW ART [4] provide the basis for 
obtaining this information. The method used to derive the equation of state 
:'11.1 the results obtained will now be briefly described. 

I) - The method and assumptions. 

The steps in the calculation are as follows: 

1I) The first step is to use the isotherm measured at 4.2 oK to deduce 
(~. the internal energy at absolute zero, as a function of the volume, V. 

(0) LJnless otherwise stated, the helium referred to is 'He. 
(0) It should be possible to in vert ' this procedure and investigate the equation 

.d -t:Lt.· of solid 3He by using the electrical resistance of a suitable substance to deter· 
lUIIIl' tit e pressure in the solid as a fUllction of temperature and volume. 

,Ji ,f 
if i" f*! !*f! !'4 \ t 
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(For this pmpose 4.2 oK is effectively the absolute zero [3]). The cbange in 
internal energy, 6.Uo, in altering the volume from ~ to V2 at 0 oK is given 
by: 

Y, 

6.Uo =-JPdV. 

". 
b) The second step is then to derive from the Uo- V curve so obtained 

the relationship bet~veen the Debye temperature of the solid, e;, and tIle 
volume V. (Experiments [3] Imve shown that a Debye approximation is quite 
good for solid helium). To do this, it, is assumed that O~oc d2 Uo/d1'2, where 
r is the interatomic distance [5J. To evaluate the constant of proportionality, 
one value of eD was taken from specific heat measurements [3]. 

c) Thirdly the Lindemann meltiug formula relating e, V, and the mel Ling 
temperature, Til., is used to find T". as a function of Y. .A. value for the Linde­
mann constant for helium was taken from the work of DCGDALE and SnroN [3], 
which had already shown that the Lindemann melting fOl'illuht was valid for 
solid helium throughout the range of their experiments (up to 3000 atmo" 
sphel'es). 

d) The last step is to use a Debye-Griineisell model (*) of the solid to 
calculate the pressure corresponding to the volume, Y, at the m£'lting tem­
perature. This gives the melting curve. 

e)& a further check on the calculations, one call calculate the zero 
point energy ((9/8)ReD ) and subtract it from the internal energy. This gives 
the lattice energy, which may then be compared with that calculated from 
a suitable interatomic potentia,I. 

3. - The results. 

The results are represented in Fig. 1 and 2. Fig. 1 shows the isochores 
(lines of constant volume) of solid helium calculated ill the manner outlined 
above. It also shows the melting curve so derived: for comparison a melting 
Cili've based on experiment is also plotted. ~ULLS and GRILLY [6] have measured 

(*) By this is meant a solid in which (a) the specific heat at constant volume, for 
example, is a function of OIT, where 0 depcnds only on volume, and (b) the temperature 
dependence of Ov is given by the Debye function . The calorimetric experiments of 
Dugdale and Simon showed that this was approximately true of solid helium. 

• 

t 



u: 

. '1h' olnte zero [3]). The change in 
lilt' from VI to V2 at 0 oK is given 

irom the Uo - V curve so obtained 
't'r.ltnre of the solid, e~, and the 

holt a Debre approximation is quite 
;l ,,:;amed tbat O~ ex. d2Uo/d?"2, where 
l;lte the constant of proportionality, 
It'at measurements [3]. 

rmllla relating e, TT, and the melting 
ndion of Y. A value for the Linde­

. he work of DUGDALE and SnroN [3], 
1;1110 melting formula ,,-as valid for 
·i.r expeliments (up to 3 000 atmo~ 

Grlineisen model (*) of the solid to 
ill' ,011l111e, 1', at the melting tern-

'l;ltions, one can calculate the zero 
rnm the internal energy. This gives 
ompan'd with that calculated from 

. 1I1.\~. Fig. 1 shows the isochores 
1 "al"ulated in the manner outlined 
" lh'ri\"(~ d: for comparison a melting 
_\lIu_:-; and GRILLY [6] have measured 

h.· 'p"("itic heat at co nstan t vol ume for 
"lIty on \-olume, and (b) the tempera'tura 
,·:i'm. The calorime tric experiments of 
Jrtl lim.ltl'ty true of solid helium. 

THE EQUNflOK Ot' STATE OF SOLID FI.ELIU~[- 29 

t he melting curve of helium up the 3500 atmospheres; they gave their re­

"lilts in the form of the following equation : 

P + 17.80 = 17.315 T1.5554 , 

where P is the melting pressure in kg/cm2 corresponding to the temperature 
T in OK. Points of this curve have been plotted up to 20000 atmospheres in 

Fig. 1. Other experimenters [7] have 
JIlarle m,easurements up to higher pres­
"lin'S (up to 9000 atmospheres) but 
t heir results are less accurate. In any 
e.Lse, all measurements so far are consi-
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Fig. 2. 

:;\ent with the equation given by MILLS aml Grnr,LY. It is seen that the 
;1!!f"l'lllllent between the extra,polated experimental curve and the melting 
"lIn-e deduced, as clescribed above, from Stewart's experiments is very close 
ill.leed . 

Fig. 2 shows the lattice energy of solid helium calculated as described to­
::.-1 her with London's calculation of the lat.tiee energy assuming a Slater­
Kirkwood potential [8]. The agreement for large molal' volumes is satisfactory : 
.I l the minimum of energy and at molar volumes smaller than this the agree­
IIIt'lIt is not good. It is of course known that the Slater-Kirkwood potential 
tlOI'S not predict altogether correctly the properties of the gas phase [9] ; more-
11\"('1", the values of e

D 
which have been taken were chosen to represent the 

IIIw temperature specific heats [3] reasonably well and they may differ signi-
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ficantly from the values of Ocr.>, which strictly are needed for calculating thc 
zero point energy [10]. For completeness, the Debye temperature, the Gtiin­
eisen parameter y (y = - d log Old log V), and the melting temperature as 
calculated for various values of the volume are listcd in Table 1. 

TABLE I. - . The Debye te'mperature, the Gr'iineistn y and melting ternpemll~1'c of solid 
helium calculated for 1;ario~ts 1:alues of t'ol1tme. 

V (Cm 3) ~)D (OK) Y Tm (OK) 

16 44 2.71 4,9 
15 5:l 2.49 6,6 
14 62 2.31 8.8 
13 73 2.17 11.7 
12 86 2.06 15.5 

I 11 102 1.96 20.8 . '. 
10 123 1.87 28.0 
9 149 1.8 38.5 
8 184 1.74 53.9 
7 230 1.68 77.7 
6.5 261 1.65 94.5 

4. - Conclusions. 

From the remarkably close agreement between the extrapolated experi­
mental melting curve and that calculated by thc methods outlined in thi::; 
paper, one may draw the following conclusions : 

a) that : the calculated melting curve and isochores of the solid can be 
accepted with considerable confidence; 

b) tha,t in spite of the large zero point motion of the atoms composing 
it, a relatively simple model of solid helium is suffiricnt to account quite well 
for its properties provided that the effect of the zero point energy is taken 
into account at the very outset of the calculations (*); and 

0) that the Lindemann melting formula appears to be valid over an 
enormous region of the melting curve: a fact which deserves close theoretical 
attention. 

(*) To carry out the calculation from firilt principlEs, the Uo-V relationship shouJd 
be derived from the interatomic potential. This has already been attempted with 
some success [11] but the difficulty is that a really satisfactory theoretical iuternto­
mic potential for helium doe:; not yet exist. 
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* * * 
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t':llt-uhttions involved in this paper and to Dr. D. K. C. l\1AcDoKALD for 
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INTERVENTI E DlSCUSSIONI 

- - C. DOMB: 

Dr. DUGDALE'S observation that the IJ values used in estimating the Lin de mann 
' · "n~t::t.nt C need to be revised woulel mean a far smaller variation of C with A * than 
,"oli"ated in my paper. It may help to account for the apparent discrepancy noted bet­
\\ . ... 1\ solid hydrogen and solid helium. 


	Dugdale, J.S.-5563_OCR
	Dugdale, J.S.-5564_OCR
	Dugdale, J.S.-5565_OCR
	Dugdale, J.S.-5566_OCR
	Dugdale, J.S.-5567_OCR

